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Basic skills

Questions intended to give practice with routine calculations are signified by a leading ‘S’,
and answers to these questions are given at the end of this sheet. On this sheet, the skills
questions start off with integration and differentiation, as revision from Michaelmas Term,
since these are important mathematical operations in the solution of ordinary differential
equations. Answers to the Skills questions are given at the end of this sheet.

S1 Find the indefinite integral / f(x)dx when f(x) is given by:

2+ x

(a) (14 z)t/* (b) aror where z # —1
(c) 22(3 + 2?) (d) 2z sin(z?)
(e) cotx (f) 2%sinx [Hint: integration by parts|

(g) sin® x [Hint: trig. identity] with x # 1,2 [Hint: partial fractions|

(h) (1—x)(2—x)

(i) [Hint: substitution] (j) sin/1 — x [Hint: substitution]

14 22



S2 Verify that the following are solutions of the corresponding differential equations,
where ¢ and d are arbitrary constants.

d
(a)%zx y:%xQ—kc
d
(b) ﬁ =y y = ce”
d? d
(€) gz + 5, + 4y =0 y=ce ™ +de”
d? d
(d) I2d_{E:Z + Gxd—i +4y =0 y=crt+dz?
dy\* 5_ 8 _ -2 . This i -
(e) T +4y° = s y=ux [Note: This is not the general solution.]

S3 Solve by separation of variables

dy 3
) dr— (y+1)?

dy —4y
. dr = a(y—-3)

S4 Solve by use of integrating factors

d
(a) d—i + 22y = 4o

d
(b) d—i +(2- 3223y =1

5. Find the general solutions of the following differential equations and then determine
the solutions that satisfy the given boundary conditions. First identify the type of
equation and use the simplest method that applies.

dy y*+1 B
(a) ol g y(0) =0
dy 2
(b) o +4xy = 2x(y° + 1), y(0) =0
dy Yy
(c) o t@—ly=e?  y(1)=0
dy
@ ety y(0) =0



59.

Solve the homogeneous equation

dy
(y x)dx—i-(x—i-i%y) 0

Solve the Bernoulli equation
dy 5

Y=y

. Find suitable substitutions and solve the equations

dy

(a) e +y = y*(cosz — sinx)
dy _y y
(b) =2t tam (4)
d
(©) (Iny —2)=% —ylny =0
(d) ey 4 (o 4y ) = 0
dx

Find the general solution (complementary function) of the following homogeneous
(unforced) differential equations

Py _dy
(b) Py gy o, _
dz? dx y=
d?y
(c) prch 9y =0
d?y
(d) @ + 4y = O
(©) L
¢ dx? dx y=



S510. Find particular integrals for the following differential equations

(a) %—5%+6y:x

(b) DY oy = exp2s

(c) % — 9y = exp 3z

(d) % — 9y = 2exp 2x + exp 3z
(e) %—5%+6y:smx

11. Find the general solution of the differential equation

d> d
d_xg —5d—i+6y:2x+3sinx.

12. Solve the following differential equations subject to the boundary conditions
dy
y(0) =0, —(0) = 1.

dx
d?y
(a) @ — n2y =0
dx? dx y=
d2
(c) d_xz +nPy =0
(d) Ty oW gy g
dx? dx y=
d2
(e) d_xz + 9y = sin 3x
(f) @—3@4—2 =™
dx? dx y=



13. (a) Solve the pair of first-order differential equations

dx dy
it %—ayjtbx

sequentially, where a and b are constants, subject to the initial conditions z(0) =
2, y(0) = 1.

(b) Combine the equations above to show that y(t) satisfies the second-order differ-
ential equation

dQZU dy 2
Y 9, Y —0
az g Ty =Y

d
subject to the initial conditions y(0) = 1, d—?;(O) = a + 2b. Solve this second-order

system and verify that it gives the same solution as that found in part (a).

Answers to Skills questions

)

) —z%cosx + 2rsinz + 2cosx + ¢
g) —cosz + 3 cos®x + ¢

h) —1n(1—x)+21n(2—x)+c:ln%+c

) tan~lz + ¢
j) Let w = /1 —z. Then
/sin\/l—:cd;t::2ucosu—2rsinu+c:2\/1—:UCOS\/l—x—2sin\/1—;U—i—c

4\ 1/3
S3 (a)y:(c—%) -1

ey A
oot



S9 In the answers below, A, B, a and 8 are arbitrary constants.

S10 Note that you are only asked for a (single) particular integral. Any complementary
function may be added to give a different particular integral but is not required.

1
_ 1.2z
=€
1,3z
sxe
éxe% - %eh Use linear superposition from the previous two questions.

(cosz +sinx).

sl=



